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Chapter 12
Analysis of Change Scores

In chapter 10, we treated the theoretical foundations of a number of data analysis
procedures that may be used for estimating and testing conditional and average
causal effects, especially in quasi-experimental studies. In this chapter, we will
study the assumptions under which the analysis of change scores can be used to
estimate conditional and average total effects.

12.1 Theory

Suppose there is a pre-test Z, a treatment variable X with at least two values and
an outcome variable (or ‘post-test’) Y assessed with the same measurement in-
strument as the pre-test. In such a design it seems natural to analyze the differ-
ences E(Y—-Z|X=x)-E(Y-Z|X=x') between the conditional expectation values
of the difference scores, or, in other words, the conditional expectation E(Y —Z|X)
of the difference between post-test and pre-test given the treatment variable and
to test the hypothesis that this conditional expectation is a constant. In fact, this
is exactly what we do in a two-factorial ANOVA with the within-factor pre-post
and the between-factor treatment. If X is dichotomous and we choose Y—-Z as
the dependent variable, the conditional expectation E(Y —Z| X) is also estimated
and tested in the ¢-test for independent observations, where X is the grouping
variable. The intuitive idea is that if the expectation of the change variable Y-Z
in the treatment condition is greater than its expectation in the control condition,
then this difference in the expected changes must be due to the treatment.

Can we rely on this intuition? Although this idea has some intuitive appeal, it
can be shown that causal inference based on such an analysis of change scores
rests on two strong assumptions.

Theorem 12.1 (Change Scores Considering two Values of X)

Let ((Q, <4, P), (%, t€T),X,Y) be a causality space, let Y be numerical and

nonnegative or with finite expectation, and let Z be a covariate of X. If

P(X=x), P(X=x') >0 and E(Y|X) is unbiased w.r.t. total effects, then
E(Y-Z|X=x) — E(Y-Z|X=x")

, 12.1)
= E(,) — [E(Z|X=x)—E(Z|X=x").

(Proof p. 305)
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Remark 12.2 (Implications for Data Analysis) Hence, if the conditional expec-
tation E(Y| X) is unbiased w.r.t. total effects, then we can conclude that

E(b,) = E(Y-Z|X=x) - E(Y-Z|X=x")

only if E(Z | X=x) = E(Z | X=x"). In other words, if E(Y| X) is unbiased w.r.t. total
effects, then the difference E(Y—-Z | X=x) — E(Y—Z| X=x') between the expec-
tations of the difference scores is d,,/-biased unless the conditional expectation
values E(Z | X=x) and E(Z | X=x") of the pre-test Z are identical. If the expecta-
tions of the pre-test Z do depend on X and E(Y| X) is unbiased w.r.t. total effects,
then the average total effects can be identified by

E@,) = E(Y-Z|X=x) - EY-Z|X=x") + [E(Z|X=x)-E(Z|X=x")], (12.2)

which is identical to E(6,,/) = E(Y|X=x) — E(Y|X=x"). Hence, if the conditional
expectation E(Y|X) is unbiased w.r.t. total effects and E(Z | X) = E(Z), then we
may analyze change scores or test the time x group interaction in ANOVA if we
aim at testing the hypothesis that the total treatment effect is zero. However, in
this case the ordinary ¢-test for independent groups tests the same hypothesis,
and for this test we only have to assume unbiasedness of E(Y|X) and not addi-
tionally E(Z | X) fE(Z). <

In Theorem 12.1 we considered only two values x and x’ of a treatment vari-
able X. Let us generalize this result to the case in which X is discrete with values
0,1,...,/. In this case, we use the random variables 1x-, indicating with 1 if the
event {X=x} = {w € Q: X(w) = x} occurs. Otherwise 1x_, takes on the value 0.

Corollary 12.3 (Change Scores)

Let ((Q, <4, P), (%, t€T),X,Y) be a causality space, let Y be numerical and
nonnegative or with finite expectation, and let Z be a covariate of X. Further-
more, let X be discrete with a finite number of values x = 0,1,...,J, and let
P(X=x)>0forallx=0,1,...,]. Then there are f,Bx € R such that

J
E(Y-Z1X) = Po + ) PxLx=x. (12.3)
x=1

and unbiasedness of E(Y | X) w.r.t. total effects implies

Px = E(bxo) — [E(Z|X=x) - E(Z|X=0)], x=1,...,]. (12.4)
(Proof p. 305)

Remark 12.4 (Time x Group Interaction in ANOVA) With the time x group inter-
action in ANOVA we test the hypothesis

Hy:Bx =0, x=1,...,]. (12.5)

Furthermore, under the assumptions about X specified in Corollary 12.3, the
condition
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E(Z|X=x) = E(Z|X=0) forall x=1,...,]J,

is equivalent to E(Z | X) = E(Z). Therefore, with the time x group interaction in
ANOVA we also test the hypothesis

Hy: E(6x) =0, x=1,...,], (12.6)
provided that E(Y'| X) is unbiased w.r.t. total effects and E(Z | X) = E(Z). <
Corollary 12.3 immediately implies the following proposition.
Corollary 12.5 (A Necessary and Sufficient Condition for Unbiasedness)
Let the assumptions of Corollary 12.3 be true and let E(Z | X) = E(Z). Then
Px = E(bx0), x=1,...,J, (12.7)

ifand only if
X —z=Ey), x=1,...,]. (12.8)
(Proof p. 306)

Remark 12.6 (One-Factorial ANOVA) Note that, under the assumptions about X
specified in Corollary 12.3, the conditional expectation E(Y|X) can be written

J
= + ) 0Ly, (12.9)
x=1
where
o, = E(Y|X=x) — E(Y|X=0), x=1,...,]. (12.10)

A one-factorial ANOVA with dependent variable Y and between factor X tests the
hypothesis
Hy:a, =0, x=1,...,]. (12.11)

Hence, if E(Z|X) = E(Z) and E(Y|X) is unbiased, then a one-factorial ANOVA
with dependent variable Y and between-factor X also tests the hypothesis of no
average total treatment effects. Oftentimes, there is a strong correlation between
pre- and post-test. Therefore, statistical power will be higher for the interaction
test mentioned in Remark 12.4. <

Remark 12.7 (Randomized Experiment) In a randomized experiment, i.e., in
an experiment with randomized assignment of the unit to one of the treatment
conditions, X and the global covariate Cx are independent, implying that X
and Z are independent as well. Then E(Y|X) is unbiased w.r.t. total effects and
E(Z|X) = E(Z) will hold, i.e., the expectations of the pre-test Z will not differ
between treatment conditions. In this case, analyzing change scores yields in fact
estimates of average total treatment effects and tests the hypothesis that the aver-
age total treatment effects are zero. <
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Remark 12.8 (Mean-Independent Outcome Condition) Suppose that the mean-
independent outcome condition Y F Cx | X holds, i. e., suppose

E(Y|X,Cx) 5 E(Y|X).

Then the conditional expectation E(Y | X) is unbiased w.r.t. total effects but E(Y —Z|
X) will be biased unless E(Z | X) = E(Z). Hence, unless the expectations of the
pre-test do not differ between treatment conditions, the analysis of change scores
does not test the hypothesis that the average total effects of the treatments are zero,
even if E(Y| X) is unbiased w.r.t. total effects. <

Remark 12.9 (Unbiasedness of Z) In Theorem 12.1 and Corollary 12.3 we pre-
suppose that the conditional expectation E(Y|X) is unbiased w.r.t. total effects.
Of course, we can also analyze change scores under the assumption that Z is un-
biased w.r.t. total effects. However, in this case we need an additional assumption
that is specified in the following theorem. <

Theorem 12.10 (Change Scores II)
Let the assumptions of Corollary 12.3 be true. If E(Y|X, Z) is unbiased w.r.t.
total effects and

J
E(YIX,Z) 5 Bo+1-Z + ) Prlxr, (12.12)
x=1
then ,
E(Y-Z|X) = Po + )_ Pxlx=x, (12.13)
x=1
where
Bx = E(6x0|Z) = E(6x0), x=1,...,]. (12.14)

(Proof p. 306)

Remark 12.11 (A Caveat) Of course, the assumption that Equation (12.12) holds
will rarely be true in empirical applications. Neither randomization techniques,
nor techniques of covariate selection can be used to secure that this equation
holds.

Therefore, it is often a better idea to analyze the conditional expectation
E(Y-Z|X, Z),which yields estimates of the same effects of X on Y as the analysis
of E(Y|X, Z), because

E(Y-Z|X,Z) = E(Y|X,Z) - Z.

The analysis of the conditional expectations E(Y|X,Z) and E(Y—-Z|X, Z) will be
treated in more detail in sections 13.1 and 13.2. <
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Table 12.1. Covariances, Correlations, and Expectations in Example 1

Z X Y
Covariate Z 100.00 .000 .582
Treatment (yes=1, no=0) X 0.00 0.25 .364
Outcome Y 80.00 2.50 189

Expectations 100.00 0.50 185.00

Note. Correlations (in italics) are rounded. A concrete sample generated from
these parameters can be downloaded at www.causal-effects.de. The file name
is PCl.Tablel2.1.dat.

12.2 Numerical Examples

In this section we will present three examples. In the first one, the conditions that
are sufficient for unbiased w.r.t. total effectsness of the conditional expectation
are E(Y—Z|X) are satisfied. In this case, the analysis of change scores as well as
the analysis of the outcome variable yield the average total treatment effect. In
the second and third examples, the sufficient conditions are not met and in these
cases, the analysis of change scores yields severely biased results.

Example 12.12 (Example 1) In our first example, we consider a treatment with
two treatment conditions, X=0 and X=1, a pre-test Z, and a post-test (outcome
variable) Y. In this example, the conditional expectation E(Y|X) is unbiased
w.r.t. total effects and the expectations of the covariate Z in the two treatment
conditions are identical with each other. This situation occurs in a randomized
experiment. Table 12.1 displays the variances, covariances, correlations, and ex-
pectations of the variables involved. These parameters are implied by

E(Y|X,Z) =100+ 10X + .80~Z, (12.15)
with E(X) = .50 and Var(Y | X) = 100. Furthermore,
E(Z|X) = E(Z) = 100 (12.16)

and
Var(Z|X) = 100.

The filtration (%, t € T) is specified by

(@) #1=0(2),
(b) % =0(Z,X),and
(C) 93:0(Z,X,Y).
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Furthermore, in this example, the covariate Z is identical with the global covari-
ate Cy.
In this example, the conditional expectation

= E[E(Y|X,2)|X] [PR-Box 10.2 (v)]
= E(100+ 10X +.80Z|X) [(12.15)]
=100 + 10X +.80E(Z|X) [PR-Box 10.2 (xvi)] (12.17)
=100 + 10X +.80E(Z) ((12.16)]
=180 + 10X [E(Z) =100]

is unbiased w.r.t. total effects and the average total treatment effect is 10. There-
fore, according to Theorem 12.1, the conditional expectation E(Y—-Z|X) of the
difference score on X is unbiased w.r.t. total effects as well. In fact,

E(Y-Z|X) = E(Y|X)-E(ZIX) [PR-Box 10.2 (xvi)]
= E(Y|X)-E(Z) (Egs. (12.17), (12.16)]
= 180 + 10X - 100
=80 + 10X.

Hence, the average total treatment effect is 10, and it can be analyzed using
E(Y|X), but also using the conditional expectation E(Y—-Z|X) of the change
score variable Y—-Z on X. Furthermore, in this first example, the ¢-test for in-
dependent groups defined by X with Y or Y-~ as the dependent variable and
the ANOVA time x group interaction test also test the hypothesis of no average
total treatment effect.

<

Example 12.13 (Example 2) In this second example, we again consider a treat-
ment with two conditions, X=0 and X=1, a pre-treatment variable Z, and an
outcome variable Y. In this second example, the conditional expectation E(Y|X)
is again unbiased w.r.t. total effects, but this time the expectations of the co-
variate Z in the two treatment conditions are not identical with each other, a
situation frequently occurring in non-randomized experiments. Table 12.2 dis-
plays the variances, covariances, correlations, and expectations of the variables
involved. These parameters are implied by

=100 + 10X (12.18)
with E(X) = .50 and Var(Y | X) =100, as well as
E(Z|X) =90 + 20X (12.19)

and Var(Z | X) = 25. The filtration (%, t € T) and the global covariate Cx are de-
fined as in Example 12.12.

In this second example, the conditional expectation E(Y| X) is unbiased w.r.t.
total effects and the average total treatment effect is 10. However, E(Z|X) # E(Z).
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Table 12.2. Covariances, Correlations, and Expectations in Example 2

VA X Y
Covariate Z 125.00 .894 .400
Treatment (yes=1, no=0) X 5.00 0.25 447
Outcome Y 50.00 2.50 125

Expectations 100.00 0.50 105.00

Note. Correlations (in italics) are rounded. A concrete sample generated from
these parameters can be downloaded at www.causal-effects.de. The file name
is PCl.Tablel2.2.dat.

Therefore, according to Corollary 12.3, the conditional expectation E(Y—-Z|X) of
the difference score on X is biased. In fact,

E(Y-Z|X) = E(Y|X)—-E(Z|X) [PR-Box 10.2,(xvi)]
=100 + 10X - (90 + 20X) [Egs. (12.18), (12.19)]
=10 - 10X.

Hence, instead of the average total treatment effect of 10, analyzing the difference
scores yields the alleged treatment effect of —10. Obviously, this effect is seriously
biased.

<

Example 12.14 (Example 3) In Example 12.13 the outcome variable has been X-
conditionally regressively independent of Z (i.e, Y F Z | X), and because we as-
sumed Z = Cy, the causality condition Y F Cx|X has been satisfied. However,
if Z represents a pre-test and Y the post-test, this assumption is not realistic.
Therefore, we study a third example, which is typical in a quasi-experiment in
which pre- and post-tests are assessed: Now Y depends on X and Z, and the ex-
pectations of Z are different in the two treatment conditions.

Hence, we again consider a treatment with two conditions, X=0 and X=1, a
pre-test Z, and a post-test Y. In this third example, the conditional expectation
E(Y|X) is not unbiased w.r.t. total effects, and again the expectations of the co-
variate Z in the two treatment conditions are not identical with each other. Ta-
ble 12.3 displays the variances, covariances, correlations, and expectations of the
variables involved. Now these parameters are implied by

E(Y|X,Z) = 100 + 10X + .80Z, (12.20)
with E(X) = .50 and Var(Y | X) = 100. Furthermore,

E(Z|X) =90 + 20X (12.21)
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Table 12.3. Covariances, Correlations, and Expectations in Example 3

Z X Y
Covariate Z 125.00 .894 .795
Treatment (yes=1, no=0) X 5.00 0.25 .770
Outcome Y 150.00 6.50 285

Expectations 100.00 0.50 105.00

Note. Correlations (in italics) are rounded. A concrete sample generated from
these parameters can be downloaded at www.causal-effects.de. The file name
is PCI1.Tablel2.3.dat.

and Var(Y | X) = 25. The filtration (&, t € T) and the global covariate Cx are de-
fined as in Example 12.12.

In this third example, the average total treatment effect is still 10. However, the
conditional expectations

= E[E(Y|X,Z2)|X] [PR-Box 10.2 (v)]

= E(100+ 10X +.80Z|X) [(12.20)]

=100 + 10X +.80E(Z|X) [PR-Box 10.2 (xvi)] (12.22)

= 100 + 10X +.80 (90 + 20 X) [(12.21)]

=172 + 26X

and
E(Y-Z|X) = EY|X)-E(Z|X) [PR-Box 10.2 (xvi)]

=172 + 26X — (90 + 20X) [(12.22), (12.21)]
=82+6X

are both seriously biased. Hence, instead of the average total treatment effect of
10, analyzing the conditional expectation of the post-test Y or the conditional
expectation of the change score variable Y —Z on treatment variable X yields in-
valid results about the average total effect of X. <

12.3 Summary and Conclusions

In this section, we have shown that the analysis of difference scores yields correct
estimates of the average total effects, provided that

(a) the conditional expectation E(Y|X) is unbiased w.r.t. total effects, and
(b) there are no differences in the expectations of the pre-test between treat-
ment conditions.
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These prerequisites are met in the perfect randomized experiment, but usually
not in other research situations. And of course, if E(Y|X) is unbiased w.r.t. total
effects, in order to estimate the total treatment effects, we can also estimate and
test the conditional expectation E(Y|X) instead of E(Y—-Z|X). However, statis-
tical tests based on the analysis of change score will often have a higher power
than the analysis of the outcome variable.

A second set of assumptions under which the analysis of difference scores
yields correct estimates of the average total effects is

(c) the conditional expectation E(Y|X, Z) is unbiased w.r.t. total effects, and
d) E(YIX,Z)=Po+1-Z + Y] Prlx-s.

However, assumption (b) will usually not hold in empirical applications.

It has also been suggested to use analysis of covariance with difference scores
as a dependent variable and the pre-test as the covariate (see, e.g., Jamieson,
2004). This suggestion will be dealt with in section 13.1.

Statistical Programs

The analysis of difference scores can be accomplished with every major statisti-
cal program package and with every program for multiple linear regression. Re-
peated measures ANOVA and, if X is dichotomous, ¢-tests for independent sam-
ples with the dependent variable Y—Z will analyze and test hypothesis about
the average total effect of the treatment conditions if the assumptions (a) and
(b) mentioned above are met.

12.4 Proofs

Proof of Theorem 12.1
If E(Y|X) is unbiased w.r.t. total effects, then by definition,

E(Y|X=x) = E(1y) for each value x of X for which P(X=x) > 0. (12.23)
Because

E(Y-Z|X=x) = E(Y|X=x)-E(Z|X=x)

= E(1y) - E(Z|X=x), [(12.23)]
E(Y-Z|X=x") = E(Y|X=x")-E(Z|X=x")
= E(r,)-E(Z|X=x"), [(12.23)]

and E(6,,) = E(tx) — E(1,/), taking the difference E(Y-Z|X=x) - E(Y-Z | X=x") proves
the theorem.

Proof of Corollary 12.3

First we show that Equation (12.3) holds under the assumptions about X. If X=0, then
Equation (12.3) yields
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E(Y-Z|X=0) = Bo, (12.24)

and if X=ux, then it yields
E(Y-Z|X=x) = Po+Px, x=1,...,]. (12.25)

Hence, the conditional expectation E(Y —Z | X) can always be parameterized by Equation
(12.3) and

Bx = E(Y-Z|X=x) - E(Y-Z|X=0)
E(Y|X=x) - E(Z|X=x) — [E(Y|X=0) — E(Z|X=0)] (12.26)
E(6x0) — [E(Z|X=x) — E(Z|X=0)], x=1,...,],

because unbiasedness of E(Y| X) w.r.t. total effects implies E(Y|X=x) — E(Y|X=0) = E(dxo),
forall x=1,...,] [see Defs. 6.1 (i) and 6.6 (i)].

Proof of Corollary 12.5

We presume E(Z | X) = E(Z), which implies E(Z | X=x) = E(Z) forallx=0,1,...,J, and

Bx = E(Y-Z|X=x) — E(Y-Z|X=0) [(12.26)]
= E(Y|X=x) — E(Z|X=x) - [E(Y|X=0) — E(Z|X=0)] [PR-Box 9.2 (xvi)]
= E(Y|X=x) - E(Z) - [E(Y|X=0) - E(Z)] [E(Z|X=x)=E(Z)]

E(Y|X=x) — E(Y|X=0).

Hence, Bx = E(0xo) ifand only if E(Y|X=x) — E(Y|X=0) = E(6x0)-

Proof of Theorem 12.10

First we show that Equation (12.13) follows from Equation (12.12).

E(Y-Z|X) = E[E(Y-Z|X,Z)|X] [PR-Box 9.2 (V)]
= EIE(Y|X,Z)-Z|X] [PR-B0x 9.2 (xvi), (vii)]
=Eo+1-Z + ilﬁx1X:x - Z|X) [(12.12)]

=
= Po + ilﬁx Iy=x [PR-Box 9.2 (v)]
P

Now we show that Equation (12.14) follows from Equation (12.12) and the additional as-
sumption that E(Y|X, Z) is unbiased w.r.t. total effects. If Equation (12.12) holds, then,

according to Theorem PR-15.3 [with g; (Z) =px],
EX%Y2) = PBo+1-Z (12.27)

pX=0

and
EXY(Y|12) = Bo+1-Z+Bx, x=1..]. (12.28)
P

=x

Therefore,
Bx = EX*(V12)-EX°(Y|2) = E(x12), (12.29)
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the latter equation following from unbiasedness of E(Y| X, Z) w.r.t. total effects (see Def. 6.6).
The second equation follows from

E(6x0) = E[Ex0|2)] [PR-Box 9.2 (iv)]
= EPx) [PR-Box 9.2 (i)]
= ﬁx-

12.5 Exercises

Solutions
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